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Abstract Magnetic flux ropes (MFRs) are usually considered to be the magnetic
structure that dominates the transport of helicity from the Sun into the helio-
sphere. They entrain a confined plasma within a helically organized magnetic
structure and are able to cause geomagnetic activity. The formation, evolution
and twist distribution of MFRs are issues subject to strong debate. Although
different twist profiles have been suggested so far, none of them has been thor-
oughly explored yet. The aim of this paper is to present a theoretical study of
the conditions under which MFRs with different twist profiles are kink stable
and thereby shed some light on the aforementioned discussions. The magnetic
field is modeled according to the circular-cylindrical analytical flux rope model
in Nieves-Chinchilla et al. (2016) as well as the Lundquist and Gold-Hoyle
models, and the kink stability is analyzed with a numerical method that has
been developed based on Linton, Longcope, and Fisher (1996). The results are
discussed in relation to MFR rotations, magnetic forces, the reversed chirality
scenario and the expansion throughout the heliosphere, among others, providing
a theoretical background to improve the current understanding of the internal
magnetic configuration of CMEs. The data obtained by new missions like Parker
Solar Probe or Solar Orbiter will give the opportunity to explore these results
and ideas by observing MFRs closer than ever to the Sun.
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1. Introduction
Coronal mass ejections (CMEs) are large eruptions of magnetized plasma from
the solar corona into the heliosphere and one of the main drivers of adverse
space weather. They are able to severely impact telecommunications or space
systems due to the injection of solar magnetic energy into the magnetosphere,
which results from magnetic reconnection processes between the CME and the
terrestrial magnetic field. Magnetic flux ropes (MFRs) are fundamental plasma
structures that frequently appear in the heliosphere in the form of CMEs. These
structures can be defined as collections of magnetic field lines wrapping around
an internal main axis in a twisting way, confining magnetized plasma within
them.
The in situ signatures of CMEs are known as interplanetary coronal mass
ejections (ICMEs). A fraction of the ICMEs detected in the solar wind (Gosling,
1990; Richardson and Cane, 2004) show the behavior of ideal MFRs: increase
in the average magnetic field strength, monotonic rotation of the magnetic field
direction through a large angle, low proton temperature, and βproton (ratio of
plasma to magnetic pressure) significantly lower than 1. These characteristics in
the in situ observations were first called “magnetic clouds” (MCs) by Burlaga
et al. (1981).
Different models have been developed since the early 1980s for the reconstruc-
tion of the magnetic field of MFRs in ICMEs only from 1D measurements along
the spacecraft observational path. Linear force-free (LFF) configurations with
cylindrical geometry (Goldstein, 1983; Lundquist, 1951; Burlaga, 1988; Lepping,
Jones, and Burlaga, 1990) or toroidal geometry (Romashets and Vandas, 2003)
are commonly considered to model MFRs. Nonlinear force-free (NLFF) models
are also widely used for this purpose, like the uniformly twisted Gold-Hoyle
(GH) model (Gold and Hoyle, 1960; Farrugia et al., 1999; Dasso et al., 2006;
Hu et al., 2014). Regarding non-force-free (NFF) methods (e.g. Mulligan and
Russell, 2001), some of them assume a particular current density and then
solve Maxwell’s equations for the magnetic field with circular or elliptical cross
sections (Hidalgo et al., 2002; Hidalgo, Nieves-Chinchilla, and Cid, 2002; Nieves-
Chinchilla et al., 2016, 2018a), and there are others like the 2D Grad-Shafranov
reconstruction technique (Hau and Sonnerup, 1999; Hu, 2017).
These MFR models differ in the twist they predict (the twist is a quantity that
measures how many turns the magnetic field lines make around the axis per unit
length). For example, some of them show twist profiles that increase with radius
within the cylindrical structure, like the Lundquist model (Lundquist, 1951) or
the most commonly used forms of the circular-cylindrical (CC) analytical model
for MCs (Nieves-Chinchilla et al., 2016). Other models, like the Gold-Hoyle (GH)
model, assume uniform twist.
The kink instability is the canonical instability of twisted magnetic field con-
figurations that makes the flux rope axis become a helix with a pitch similar to
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the twist of the magnetic field lines. Although the presence of twist is necessary in
an MFR to maintain the integrity of the structure (Schuessler, 1979; Longcope,
Fisher, and Arendt, 1996), the instability takes place when the twist becomes
larger than a critical value. This stability threshold depends on many factors
like the internal magnetic configuration, the external field, the plasma β or the
aspect ratio, among others (Dungey and Loughhead, 1954; Hood and Priest,
1979; Mikic, Schnack, and van Hoven, 1990; Linton, Longcope, and Fisher, 1996;
Bennett, Roberts, and Narain, 1999; Trk and Kliem, 2005). In the case of a
toroidal fusion power reactor, a well-known result is Φc = 2pi, where Φc is the
critical total twist angle of a field line around the axis for the occurrence of the
kink instability (the Kruskal-Shafranov limit, Shafranov, 1958; Kruskal et al.,
1958; Oz et al., 2011). For straight circular-cylindrical geometries, for example
(Dungey and Loughhead, 1954; Bennett, Roberts, and Narain, 1999) showed that
the critical twist Φc follows the relation Φc = 2
L
R (where L is the axial length and
R is the radius of the MFR). Moreover, Hood and Priest (1981) analyzed line-
tied MFRs (with the footpoints anchored on the photosphere) described by the
GH model and found that the line-tying condition had a stabilizing effect, with
Φc = 2.5pi. This agrees with the experimental threshold found in Myers et al.
(2015) with a laboratory set-up resembling solar line-tied MFRs, Φc ≈ 2.5pi.
The twist is a relevant property of MFRs since it is related to the amount of
magnetic free energy density stored in the structure and its tendency to develop
certain instabilities. Studying the twist distribution within CMEs allows us to
gain better insight into the most plausible initiation processes as well as MFR
models according to the theoretical twist distributions they predict. In addition,
the analysis of the twist in MFRs could make it possible to predict the range of
parameters for which they become kink unstable in the interplanetary medium
and possibly start to rotate (Vourlidas et al., 2011; NievesChinchilla et al., 2012),
just as the kink is already regarded as a promising phenomenon to explain δ-
spot rotation in the rise of MFRs through the photosphere (Kazachenko et al.,
2010; Vemareddy, Cheng, and Ravindra, 2016; Knizhnik, Linton, and DeVore,
2018). The analysis of the changes of the kink stability in expanding CMEs
(Priest, 1990; Berdichevsky, Lepping, and Farrugia, 2003; Berdichevsky, 2013)
could also provide interesting conclusions about the way CMEs propagate in the
interplanetary space.
In the heliosphere, the twist of interplanetary MFRs can be estimated using
MFR modeling along with the Grad-Shafranov reconstruction technique and
probes of energetic particles to infer the total field-line length (Kutchko, Briggs,
and Armstrong, 1982; Larson et al., 1997; Kahler, Krucker, and Szabo, 2011).
For example, the application of the velocity-modified GH model to 126 MCs in
Lepping’s list (Lepping et al., 2006) showed that all interplanetary MFRs have
a twist smaller than 12pi rad per AU, and their total twist angle Φ is bounded
by 0.2LR < Φ < 2
L
R with an average of Φ = 0.6
L
R (Wang et al., 2016). Some
observations support the hypotheses of CMEs being uniformly-twisted structures
(Farrugia et al., 1999; Hu, Qiu, and Krucker, 2015), or of having a high-twist core
enveloped by a less-twisted outer shell (Wang et al., 2018). However, a recent
study based on a superposed epoch analysis of a set of MCs detected by Wind
between 1995-2012 shows that the twist distribution is nearly constant in about
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half their central part (with an average of 11.5 turns per AU), and it increases
up to a factor two towards the MCs boundaries (Lanabere et al., 2020).
The linear force-free (LFF) Lundquist model, which has been widely used to
fit a large variety of ICMEs (Lepping et al., 2006; Lepping and Wu, 2010; Lepping
et al., 2018), shows an increasing twist profile along the radius of the cross section
(which may not be infinite in the outer edge as is further discussed in Dmoulin
et al., 2019). Other NFF models, motivated by the search for less restrictive
techniques to reconstruct MFRs (Subramanian et al., 2014), are also able to fit
great collections of events (Nieves-Chinchilla et al., 2018b) while having differing
twist distributions.
With regard to CME initiation scenarios, different theories support diverse
twist profiles. Some storage and release models contemplate the kink or torus
instabilities as mechanisms that may play a fundamental role in the initiation
of CMEs (Linton et al., 1999; Fan and Gibson, 2004; Trk and Kliem, 2007).
Other hypotheses consider that the eruption is essentially triggered by magnetic
reconnection, such as the flux cancellation model (Moore and Labonte, 1980;
van Ballegooijen and Martens, 1989; Moore et al., 2001; Amari et al., 2003) or
the breakout model (Antiochos, DeVore, and Klimchuk, 1999; Lynch et al., 2004;
Sterling and Moore, 2004; Archontis and Trk, 2008). Part of these models (e.g.
flux cancellation) assume the presence of a preexisting MFR (Kopp and Pneu-
man, 1976; Titov and Dmoulin, 1999) to which magnetic field is subsequently
added that could be highly or weakly twisted (Longcope and Beveridge, 2007;
Aulanier, Janvier, and Schmieder, 2012; van Ballegooijen and Martens, 1989).
This scenario would possibly imply the formation of MFRs with different twist
distributions in the core and the outer shell (which will be referred to as stage-
like twist distributions in this paper). Other models like the breakout explain the
formation of a newly developed MFR as a consequence of reconnection processes
in conjunction with shearing and twisting motions on the photosphere. Although
further research needs to be done on the twist distribution that each initiation
possibility would generate, some authors have already started discussing it (e.g.
Wang et al., 2018, supports the idea that MFRs have a high-twist core enveloped
by a less twisted outer shell, and Dmoulin et al., 2019, argued that MFRs are
created with increasing twist along their cross-sectional radius). The comparison
of the CME initiation theories with the heliospheric MFR models in terms of
their kink stability and the twist profiles they predict can also provide deeper
understanding of the plausibility of different scenarios.
The present work provides a linear kink stability analysis following the pro-
cedure in Linton, Longcope, and Fisher (1996) for MFRs described by the CC
model (Nieves-Chinchilla et al., 2016), as well as the Lundquist and GH models.
In section 2, the details and behavior of each model and other quantities of
interest are described, and the evolution of the CC parameters during expansion
is also studied. Section 3 outlines the linear eigenmode analysis and the developed
numerical method. Section 4 shows the results of the analysis, discussing their
relation to the occurrence of rotations, magnetic forces, the reversed chirality
scenario, the expansion throughout the interplanetary medium and the shape of
the twist profile, among others. A summary is included in section 5.
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2. Theoretical background and methodology
The methodology followed here is based on the linear stability analysis presented
in Linton, Longcope, and Fisher (1996). It is applied to a general NFF cylindrical
magnetic equilibrium described by the Circular-Cylindrical analytical model for
magnetic clouds (CC) developed in Nieves-Chinchilla et al. (2016), as well as the
FF Lundquist and Gold-Hoyle (GH) magnetic models.
2.1. Magnetic field configuration
First, the MFR is considered to be an axially symmetric cylinder with a twisted
magnetic field modeled by the CC model (Nieves-Chinchilla et al., 2016), which
does not impose any force-free condition. It assumes that the radial variation of
the current density j can be expressed as a generic polynomial function and then
solves the magnetostatic Maxwell’s equations ∇ ·B = 0 and ∇ ×B = µ0j in
cylindrical coordinates to obtain the magnetic field. In this work, only one term
of the polynomial expansions for each current density component is taken. The
CC model has been chosen because it enables the study of the kink instability
including the effects of magnetic forces and different twist distributions that
increase along the radius of the MFR. The increasing behavior is supported by
observations (Lanabere et al., 2020) and CME eruption theory (Dmoulin et al.,
2019).
Assuming the generic polynomial expansion of the current density
j =
∞∑
m=0
βmr
mey −
∞∑
n=1
αnr
neϕ , (1)
the general expression of the CC magnetic field is given by Eq. (7) of Nieves-
Chinchilla et al. (2016):
Br = 0
By = B
0
y − µ0
∞∑
n=1
αn
rn+1
n+ 1
Bϕ = −µ0
∞∑
m=0
βm
rm+1
m+ 2
.
(2)
Truncating the polynomial expansion of j to a single term αnr
n for jϕ and
βmr
m for jy, and defining the new variables τ = B
0
y/(µ0αn
1
n+1R
n+1), C˜nm =
−m+2n+1 αnβmRn−m, r¯ = r/R, the magnetic field components become
Br = 0
By = B
0
y
(
1− 1
τ
r¯n+1
)
Bϕ =
B0y
τC˜nm
r¯m+1.
(3)
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It is necessary to impose limr→0Bϕ(r) = 0 and limr→0 jϕ(r) = 0 to avoid
a singularity in the axis, which implies that n ≥ 1 and m ≥ 0. In this paper,
the cases [n,m] ∈ {[1, 0], [2, 1], [3, 2], [1, 1]} will be analyzed (see Table 1). The
goal is to find the range of parameters τ and C˜nm for which the system is kink
unstable for each pair [n,m]. The intervals τ ∈ [0.0, 4.0] and C˜nm ∈ [0.5, 2.0] will
be studied since CC fittings often use parameters inside of these ranges.
Secondly, the Lundquist (Lundquist, 1951; Goldstein, 1983) and GH models
(Gold and Hoyle, 1960) are considered. Their magnetic fields are parametrized
as functions of α for the Lundquist model, and q for the GH model (see Table
1). The aim will be to find α and q, respectively, for which the system is kink
stable.
Table 1. Magnetic field, twist and misalignment equations (see Eq. (5) for the definition of
the force-free measure given by the misalignment sin Ω).
Model B Q =
Bϕ
rBy
sin Ω
CC [1, 0]

By = B
0
y
(
1− 1
τ
r¯2
)
Bϕ =
B0y
τC˜10
r¯
1
C˜10R(τ − r¯2)
r¯
(
τ − r¯2 − 1
C˜210
)
[
(τ − r¯2)2 + r¯2
C˜210
] 1
2
[
r¯2 + 1
C˜210
] 1
2
CC [2, 1]

By = B
0
y
(
1− 1
τ
r¯3
)
Bϕ =
B0y
τC˜21
r¯2
r¯
C˜21R(τ − r¯3)
r¯
(
τ − r¯3 − r¯
C˜221
)
[
(τ − r¯3)2 + r¯4
C˜221
] 1
2
[
r¯2 + 1
C˜221
] 1
2
CC [3, 2]

By = B
0
y
(
1− 1
τ
r¯4
)
Bϕ =
B0y
τC˜32
r¯3
r¯2
C˜32R(τ − r¯4)
r¯
(
τ − r¯4 − r¯2
C˜232
)
[
(τ − r¯4)2 + r¯6
C˜232
] 1
2
[
r¯2 + 1
C˜232
] 1
2
CC [1, 1]

By = B
0
y
(
1− 1
τ
r¯2
)
Bϕ =
B0y
τC˜11
r¯2
r¯
C˜11R(τ − r¯2)
τ − r¯2
(
1 + 3
2C˜211
)
[
(τ − r¯2)2 + r¯4
C˜211
] 1
2
[
1 + 1
C˜211
] 1
2
Lund.
{
By = B
0
yJ0(αr¯)
Bϕ = B
0
yJ1(αr¯)
J1(αr¯)
Rr¯J0(αr¯)
0
GH

By =
B0y
1 + q2r¯2
Bϕ =
qr¯B0y
1 + q2r¯2
q
R
0
Figure 1a shows the normalized CC magnetic field components By (in red)
and Bϕ (in black) along the normalized radius of the MFR for τ = 1.0 and
C˜nm = 1.0. The axial magnetic field By is set to B
0
y in the core and decreases
towards the boundary of the MC by an amount that depends on the parameter
τ : it vanishes there if τ = 1, becoming negative when τ < 1 or closer to B0y if
τ > 1. The azimuthal component Bϕ is zero in the axis and grows towards the
outer edge with a rate of change that is inversely proportional to C˜nm and τ .
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Figure 1b and 1c show the Lundquist and GH magnetic fields for α = 2.4, 3.4
and q = 1.0, 2.0, respectively. In fact, varying α in the Lundquist model only
squeezes or stretches the horizontal axis, and so it indicates where the cutoff
point of the Bessel functions is taken as the MFR outer radius. The GH model
behaves similarly. For both models, this entails a bigger difference between By
in the core and the boundary when α or q are increased. For the Lundquist case,
By becomes negative when α > 2.4. In the GH model, By stays always positive.
Figure 1. Axial and poloidal magnetic field components of (a) the CC model for
[n,m] = [1, 0], [2, 1], [3, 2], [1, 1] with parameters τ = 1.0, C˜nm = 1.0; (b) the Lundquist model
for α = 2.0, 3.0; (c) the GH model for q = 1.0, 2.0.
SOLA: Manuscript.tex; 14 July 2020; 1:29; p. 7
2.1.1. Twist or helical pitch
The number of turns of the MFR in an axial length L is given by NL(r) =
|QL/2pi|. Q will be referred to as the twist or helical pitch of the magnetic
structure and it can be interpreted as a wavenumber measuring the angle covered
by magnetic field lines per unit length. It is given by
Q =
Bϕ
rBy
(4)
Figure 2a shows the behavior of the product RQ along the normalized radius
for parameters τ = 1.5 and C˜nm = 0.5. For the CC cases of the form [n, 0], Q
adopts the finite value of 1/(C˜n0Rτ) in the core, while it vanishes for the rest
of them. Then, it increases towards the boundary reaching a value that depends
on τ : if τ = 1 it goes to infinity in the edge; if τ < 1 the twist becomes infinite
at an internal point of the MFR (r¯ = τ) and then reverses its sign causing the
chirality to change; and if τ > 1, the twist goes to 1/(C˜nmR(τ − 1)) at the edge.
The twist Q is inversely proportional to C˜nm and R, and the Q profile decreases
with increasing τ and adopts a more uniform shape, so that it is constant to 0
in the limit τ →∞. Moreover, for cases of the form [k+ 1, k], larger k implies a
smaller growth rate of the twist around the core, thus adopting more of a stage-
like distribution, or in other words, an MFR with a twist distribution around
the core that is different from the one in its outer shell (in this case, it would be
almost uniform in the core, and abruptly increase close to the boundary).
Figure 2b displays in blue the quantity RQ in Lundquist model for α =
2.4, 3.4. It always has an increasing profile, growing towards a finite value in the
boundary if α < 2.4 and to infinity if α = 2.4. When α > 2.4 there is a change
in the chirality of the MFR that occurs at r¯ = 2.4/α. Figure 2b also shows in
orange the uniform twist RQ of GH model for q = 1.0, 2.0.
Figure 2. Measurement of RQ along the flux rope radius for (a) CC
[n,m] = [1, 0], [2, 1], [3, 2], [1, 1] with parameters τ = 1.5, C˜nm = 0.5; (b) the Lundquist
model (in blue) for α = 2.4 (continuous) and 3.4 (dashed), and the GH model (in orange) for
q = 1.0 (continuous) and q = 2.0 (dashed).
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2.1.2. Misalignment between j and B
An MFR is said to be force-free (FF) if the magnetic field is completely aligned
with the current density (j ×B = 0), such that ∇ ×B = αB. Lundquist and
GH models are FF. A measure of the force-freeness for the CC model (Eq. (3))
is given by the misalignment between j and B,
sin Ω =
(j ×B)|r
|j||B|
=
r¯n(τ − r¯n+1)− m+2n+1 r¯
2m+1
C˜2nm[
(τ − r¯n+1)2 + 1
C˜2nm
r¯2(m+1)
] 1
2
[
r¯2n + 1
C˜2nm
r¯2m
] 1
2
. (5)
The configuration is FF in the core for the cases with n > m. An MFR modeled
by Eq. (3) is considered to be (Nieves-Chinchilla et al., 2016):
• If sin Ω > 0.3 (Ω > 18◦): non-FF (NFF), Lorentz force pointing outwards.
• If |sin Ω| < 0.3 (|Ω| < 18◦): FF.
• If sin Ω < −0.3 (Ω < −18◦): NFF, Lorentz force pointing inwards.
Figure 3 displays how the misalignment sin Ω between the magnetic field and
the current density vector varies along the radius and with the parameter C˜nm,
for different pairs n,m and τ . Three planes corresponding to sin Ω = −0.3, 0, 0.3
are shown in each of them.
In general, it can be observed that smaller C˜nm makes the structure inward-
NFF in the vicinity of the boundary, while bigger C˜nm makes it be outward-NFF
in the middle and outer sections. The top three panels in Figure 3 show how
the misalignment changes in the case [1, 0] as τ is increased: larger τ makes the
structure be more FF (for small C˜nm) or outward-NFF towards the edge (for big
C˜nm), so that the inward-NFF behavior disappears. This is valid for the rest of
[n,m]. Moreover, the case [1, 1] (see Figure 3f) has been included in the analysis
because it is outward-NFF in the core, while the ones of the form [k + 1, k] are
FF in the axis and become slightly more outward-NFF in the mid and outer
sections as k is increased (see Figure 3b, 3d, 3e for fixed τ = 2.0).
2.1.3. Expansion
In the ICME journey throughout the heliosphere, the relative magnetic helicity
Hr and magnetic fluxes φy, φϕ are conservative quantities if there is no erosion
or reconnection with the ambient solar wind. The expressions for these physical
quantities for the CC model are given in Eq. (5), (6) and (11) of Nieves-Chinchilla
(2018) and reproduced here:
φy = piR
2B0y
[
1− 2
(n+ 3)τ
]
φϕ = LR
B0y
(m+ 2)τC˜nm
Hr
L
=
4piR3(B0y)
2
τC˜nm
[
1
2(m+ 4)
− 1
(n+ 3)(m+ n+ 5)τ
]
,
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Figure 3. Plots of the misalignment sin Ω in function of the normalized radius and the
parameter C˜nm. (a), (b) and (c) show the variation of sin Ω with increasing τ for [1, 0]. (b),
(d) and (e) show how sin Ω changes when k in [k+ 1, k] is increased for constant τ = 2.0. The
outward-NFF behavior of the case [1, 1] in the core is displayed in (f).
where the relative helicity is expressed per unit length. It is assumed that the
MFR expands from a radius R to R′ and from an axial length L to L′. The CC
parameters when the MFR has radius R (τ, C˜nm and B
0
y) are known. The aim is
to find the parameters τ ′, C˜ ′nm and B
0
y
′
of the MFR when it expands to a radius
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R′ and axial length L′, in terms of τ, C˜nm and B0y . This is achieved by making
equal the magnetic fluxes and the relative helicity at the two evolutionary stages:
φy = φ
′
y, φϕ = φ
′
ϕ and Hr = H
′
r. Isolating 1/τ
′ in φy = φ′y, one obtains
1
τ ′
=
n+ 3
2
+
B0y
B0y
′
(
R
R′
)2 [
1
τ
− n+ 3
2
]
, (6)
and φϕ = φ
′
ϕ gives
C˜ ′nm
C˜nm
=
L′
L
R′
R
B0y
′
B0y
τ
τ ′
(7)
Substituting Eq. (6) and (7) in Hr = H
′
r, the final results are obtained:
B0y
′
=
(
R
R′
)2
B0y
τ ′ = τ
C˜ ′nm =
L′
L
R
R′
C˜nm
(8)
This means that upon expansion, τ remains constant (so the ratio of By in
the core to its value in the boundary does not change). B0y decreases in a way
inversely proportional to (R′)2, and C˜nm can increase or decrease depending on
the relation between L
′
L and
R′
R . In terms of the magnetic field components and
twist, 
B′y =
(
R
R′
)2
By
B′ϕ =
R
R′
L
L′
Bϕ
Q′ =
L
L′
Q
which implies that the twist will decrease if the MFR axial length increases.
3. Analysis
3.1. Linear stability analysis
The kink instability is studied using the energy principle method (Bernstein
et al., 1958) as developed in Linton, Longcope, and Fisher (1996), which evalu-
ates the linear stability of a MHD equilibrium that undergoes a small displace-
ment perturbation ξ. An outline of this method will be given in the present
section. It depends upon a variational formulation of the equations of motion
of the plasma, and aims at discovering whether there is any perturbation that
decreases the potential energy from its equilibrium value, thus making the sys-
tem unstable. The cylindrically symmetric magnetic equilibrium (with radius R)
under study is considered to be surrounded by field-free plasma, and confined
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by the higher pressure of this external plasma (for further details on the energy
principle, see e.g. Bernstein et al., 1958; Bateman, 1978; Lifschitz, 1989).
The starting point is to linearize the system of ideal MHD equations and
boundary conditions by considering an arbitrarily small perturbation ξ(r, t)
from a state of stationary equilibrium. They are then combined into a single
second order partial differential equation for the displacement vector ξ(r, t) that
is expressed as
ρ0ξ¨ = F (ξ), (9)
where ρ0 is the equilibrium density of the plasma and F is the self-adjoint
operator that represents the force per unit volume in the plasma. The initial
conditions are ξ(r, 0) = 0 and ξ˙(r, 0) = ξ0. The potential energy of the system
is
W = −1
2
∫
d3x ξ∗ · F (ξ).
The energy principle as derived by Bernstein et al. (1958) states that the system
is stable if and only if W ≥ 0 for all possible perturbations ξ. In the method of
Linton, Longcope, and Fisher (1996), W is extremized while the integral
K =
1
8pi
∫
d3x |ξ|2
is kept constant. This constrained variation can be done by finding the extrema
of a generalized energy U = W + λK, where λ is a Lagrange multiplier and K
is fixed. This is equivalent to finding the eigenvalues of F (see e.g. Chiappinelli,
2019) assuming a time dependence of ξ ∝ eiωt, since Eq. (9) does not depend
explicitly on time. Then, λ is related to ω by
λ = −4piρ0ω2,
and ω2 ∈ R because F is a self-adjoint operator. The system will develop a
kink instability of growth rate |ω| if and only if ω2 < 0 (positive λ) for every
eigenvalue of F .
To study the kink mode, the displacement perturbation is assumed to have
helical symmetry with wavenumber k and arbitrary radial structure, ξ(r) =
[ξr(r), ξy(r), ξϕ(r)]e
i(ky+ϕ). The perturbation that minimizes the generalized en-
ergy of the MFR can be obtained from the radial component ξr given by Euler-
Lagrange equation
d
dr
(
f
dξr
dr
)
− gξr = 0, (10)
where f and g are defined as
f =
r3(λ+
(
kBy +
Bϕ
r
)2
1 + k2r2
,
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g =
k2r
1 + k2r2
r2{λ+ (kBy + Bϕ
r
)2}
− rd|B(r)|
2
dr
−2B2ϕ

2
(
kBy +
Bϕ
r
)2
λ+
(
kBy +
Bϕ
r
)2 − 1
+ 21 + k2r2 (r2λ+ k2r2B2y −B2ϕ)
 .
Regularity at the origin is ensured by the boundary conditions ξ˙r(0) = 0 and
ξr(0) = ξ0 (ξ0 can be set to 1 without loss of generality). Other stability analyses
of tokamaks or coronal loops have assumed the confinement of the tube by a
conducting wall (ξr(R) = 0, see e.g. Voslamber and Callebaut, 1962) or the
presence of an external vacuum field B(r > R) 6= 0 (e.g. Kruskal et al., 1958;
Hood and Priest, 1981). In contrast, it is considered in this work that the MFR
has a free boundary and no external magnetic field (Linton, Longcope, and
Fisher, 1996), since it is an approximation of the most common scenario in the
heliosphere. Future studies should consider some of the aforementioned different
boundary conditions to account for the occurrence of interaction phenomena.
An additional condition is therefore obtained when imposing the continuity of
the total pressure across the boundary and the Euler-Lagrange equation at the
outer edge of the tube even if there is a discontinuity in the magnetic field,
D(λ;R, k) =
[
k2|B(R)|2 + λ+ λ (1 + k
2R2)K1(|k|R)
|k|RK0(|k|R) +K1(|k|R)
]
ξr(R)
+
{
Rλ+R
(
kBy +
Bϕ
r
)2}
ξ˙r(R) = 0, (11)
where K0 and K1 are modified Bessel functions. This can be regarded as a
dispersion relation for the eigenvalue λ. A circular-cylindrical MFR with given
R and B(r) is said to be kink stable if it is stable to perturbations of any
wavenumber k, so a necessary and sufficient condition for kink stability is that
the largest λ for which the dispersion relation in Eq. (11) holds is negative for
all k.
3.2. Numerical analysis
Given a particular pair [n,m] defining the magnetic equilibrium B0(r) for the
CC model, the purpose of the numerical procedure that has been developed is to
find the value of τ for each C˜nm above which the system becomes kink stable to
perturbations of any wavenumber k, called τcrit. It uses Brent’s method (Brent,
2013) to find the zeros of the dispersion relation with appropriately chosen brack-
eting intervals. Each evaluation of D(λ;R, k) requires solving Euler-Lagrange
equation, and this has been implemented with odeint Python routine (source
code from Oliphant), which applies LSODA algorithm for differential equations.
The problem is solved for the dimensionless quantities λ˜ = λR2/(B0y)
2, k˜ = kR,
r¯ = r/R and B˜ = B/B0y .
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For fixed τ and C˜nm, the program needs a first guess of k˜min, k˜max (the
minimum and maximum k˜ for which the largest λ˜ that solves D(λ˜; 1, k˜) = 0 is
positive), and also the largest zero of D(λ˜; 1, k˜) only for one arbitrary value
of k˜. The output consists of the precise values of k˜min, k˜max, λ˜ext (where
λ˜ext = max{λ˜ > 0 | ∃k˜ s.t. D(λ˜; 1, k˜) = 0}) and k˜ext (wavenumber for which
the largest zero of D(λ˜; 1, k˜ext) is λ˜ext). For a given C˜nm, these parameters are
found for three different τ with λ˜ext of the order of 10
−10−10−8 by providing the
aforementioned first guesses by graphical inspection. The program then outputs
k˜min, k˜max, k˜ext, λ˜ext for a desired number n of points in the range of the given
values of τ . Next, a decreasing exponential function is fitted to λ˜ext as a function
of τ . The criterion chosen to define the τcrit above which the system becomes
kink stable is to locate the τ at which the fitted function becomes 10−13. This
process is repeated to find τcrit as a function of C˜nm.
The procedure can be easily modified to study the kink instability in terms of
a single parameter α or q in the cases of Lundquist and GH models. Moreover,
the radial perturbation ξr that solves Euler-Lagrange equation (Eq. (10)) can
be plotted to get more insight into the behavior of the instability, and it should
be studied more in depth in future research. Any other desired magnetic profile
can also be analyzed with this method.
4. Results and discussion
Figure 4 shows the results of the numerical analysis for the kink instability of
the CC model. The points correspond to the minimum C˜nm above which the
system becomes kink stable for each τ , for the different cases [n,m], obtained as
explained in Section 3.2. The linear stability analysis of the Lundquist magnetic
profile has resulted in a stability threshold of αcrit = 3.2, so α < αcrit implies
that the system is kink stable. Likewise, the uniformly-twisted Gold-Hoyle model
is kink stable if q < qcrit, with qcrit = 1.2.
It is observed in Figure 4 that, for the CC model, big values of τ and C˜nm
are likely to be kink stable since it has already been noted that they make the
twist Q decrease. Lundquist and GH models are kink stable for small α or q.
A modified Weibull distribution (Rinne, 2009) has been fitted to each of the
analyzed CC cases, with parameter γ = 1 in the expression
C˜nm(τ) =
ρβ
η
(
τ − γ
η
)β−1
e−(
τ−γ
η )
β
, (12)
where the fitted values of β, η, ρ for each [n,m] are shown in Table 3. The
adjusted functions are plotted in Figure 4 as dashed lines. They provide a good
estimate of the stability limit curve for τ ∈ [1.0, 4.0]. It is clearly seen that [1, 1]
shows the smallest stability range, while the cases of the form [k + 1, k] become
increasingly stable to kink as k increases. Future exploration of more [n,m] cases
could provide an expression relating the fitted parameters with the n,m values
considered.
Studies of the kink instability usually give the stability threshold in terms of
the critical total twist angle of the MFR, Φc. This variable is related to the twist
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Q used here by Φ = QL, where L is the axial length. The equations in Table 1
show that Φ is proportional to LR for all the models under study, and therefore
thinner and/or longer MFRs remain stable with higher twist. The comparisons
with previous results are not straightforward since the methods and conditions
used in each case are different.
• For a uniformly twisted infinite MFR in an incompressible plasma, Dungey
and Loughhead (1954) showed through a normal mode analysis that the
critical twist angle is Φc = 2
L
R , and it can be contrasted with the stability
threshold found in this work for the uniformly-twisted GH model: Φc =
qcrit
L
R = 1.2
L
R , which implies that MFRs become unstable with lower twist.
The differences between the two analyses should be explored more in depth
to account for possible destabilizing effects.
• Hood and Priest (1981) found the well-known threshold of Φc = 2.5pi
for line-tied MFRs described by the GH model, which coincides with the
experimental result found in Myers et al. (2015) with a laboratory set-up
specifically modified to resemble solar line-tied MFRs, so the instability
does not depend on the aspect ratio L/R when the line-tying condition is
assumed.
• The constant-α FF Lundquist field has been found to be kink unstable for
αcrit = 3.2. This result is very close to the threshold of Voslamber and
Callebaut (1962), who considered the MFR enclosed by a perfectly con-
ducting rigid wall and obtained αcrit = 3.176. This result will be discussed
further in Section 4.2.
Figure 4. Plot of the points and the fitted Weibull distributions (dashed lines) symbolizing
the boundary values of C˜nm at fixed τ between the stable and unstable regimes of the MFR.
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4.1. Rotations and the kink instability
The helical kink instability makes the axis of a twisted structure become a helix
itself. The results of the stability analysis developed in this paper provide an
indicator of the range of parameters for which differently modeled MFRs become
kink unstable.
The kink instability is already regarded as a possible explanation for the
rotation of δ-spots in the rise of MFRs through the photosphere (Kazachenko
et al., 2010; Vemareddy, Cheng, and Ravindra, 2016; Knizhnik, Linton, and
DeVore, 2018). However, this process has not yet been sufficiently explored to
account for rotations in the lower-middle corona and heliosphere that have been
observed (Yurchyshyn, Abramenko, and Tripathi, 2009; Vourlidas et al., 2011).
The accumulation of poloidal magnetic flux during the first stages of the
evolution of a CME could modify the internal twist distribution and physical
parameters of the MFR, and this change could drive the onset of kink instabilities
that would be seen as rotations in remote sensing coronagraphs (Vourlidas et al.,
2011; NievesChinchilla et al., 2012). This contrasts with the phenomenon of CME
deflection (Kay, Opher, and Evans, 2015) that results from the interaction with
the ambient solar wind. On this matter, nonlinear simulations should be done
in each case to study how the instabilities evolve in the long run.
The critical twists found in Table 3 could be used along with observational
studies in order to infer which MFRs are susceptible to rotate. For example,
the study made by Wang et al. (2016) on 126 MCs of Lepping’s list (Lepping
et al., 2006) with the velocity-modified GH model showed that interplanetary
MFRs have a total twist angle Φ bounded by 0.2LR < Φ < 2
L
R with an average
of Φ = 0.6LR . The GH threshold of Φc = qcrit
L
R = 1.2
L
R found in the present
work denotes that interplanetary MFRs are kink stable on average, but there
are a large amount of events with 1.2LR < Φ < 2
L
R that would be kink unstable.
Further study of these events and of possible signatures of rotation would allow
us to gain better insight into the relation between rotations and the occurrence
of the kink instability in the interplanetary medium.
Moreover, analyzing the kink stability of MFR models with multiple free
parameters provides physically meaningful constraints on them. It is the case for
the CC model: stable MFRs with the CC magnetic field (for [n,m] ∈ {[1, 0], [2, 1],
[3, 2], [1, 1]}) should satisfy the stability thresholds of Table 3.
4.2. Magnetic forces and the kink instability
The misalignments between j and B of the MFR models under study were
calculated in section 2.1.2 and expressed in Table 1. While the inside of Lundquist
and GH MFRs is completely FF, the misalignment for the CC model showed
different behaviors depending on the pair [n,m] and the parameters C˜nm, τ , as
shown in Figure 3. This raised the question of whether there exists any relation
between the magnetic forces that act on an MFR and the kink stability. On the
basis of the results yielded by the numerical analysis, the following remarks can
be made:
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• Figure 4 shows that the CC [1, 1] case has a smaller stability range than the
cases [k + 1, k], ∀k. The main difference between them is that [1, 1] is non-
twisted and outward-NFF around the core, while [k+1, k] cases are FF close
to the axis. This implies that in the unstable regime of the [1, 1] case, there
are outward magnetic forces around the core and inward magnetic forces
close to the boundary, suggesting that the presence of magnetic forces in
opposite directions within the MFR could have a strong destabilizing effect.
• Figure 3 shows that larger C˜nm makes the boundary of the MFR be more
outward-NFF. Similarly, larger k in cases [k+ 1, k] makes the edge be more
outward-NFF (as can be seen in Figure 3b, 3d and 3e). The results of the
kink instability analysis in Figure 4 show that large C˜nm and large k in
[k+ 1, k] cases make the stability range bigger. This suggests that outward
magnetic forces near the edge could have a kink stabilizing effect.
• Smaller values of τ make the MFR be more inward-NFF around the bound-
ary (as can be seen in Figure 3a, 3b and 3c), while Figure 4 shows that the
system becomes more kink unstable.
• Among the cases [k+1, k] that have been analyzed, [1, 0] has non-zero twist
at the core. The twist vanishes at r = 0 for the rest of them (as shown in
Figure 2). On the other hand, Figure 4 shows that [1, 0] is less stable than
[k + 1, k], for k ≥ 1. This suggests that the presence of twist close to the
axis could have a kink destabilizing effect.
• Some studies give arguments in favor of the stability of constant-α FF fields
(i.e. with ∇ × B = α0B, where α0 is constant). For example, nonlinear
simulations of kink unstable magnetic flux tubes in solar active regions,
starting with a NFF magnetic equilibrium, have been shown to evolve into
constant-α FF solutions (Linton et al., 1998). In fact, if the magnetic energy
of a system is a minimum for a given total magnetic helicity, then ∇×B =
α0B for some constant α0 (Woltjer, 1958). However, it has been found in
this work that Lundquist MFRs, which are constant-α FF, become kink
unstable for α > αcrit = 3.2. This was further addressed in Voslamber and
Callebaut (1962) where αcrit was shown to be 3.176 for a Lundquist MFR
enclosed by a perfectly conducting rigid wall.
• In the stability limit, both the FF Lundquist model and the NLFF GH
model have a larger average twist than the CC cases, for almost all τ . This
implies a possible relation between the force-freeness of a structure and an
enhanced stability to kink.
In the future, the relation between the occurrence of the kink instability and
the presence of inward or outward magnetic forces around the core or near the
edge should be studied. The kink stability of other NFF MFR models should be
analysed to see if these results are corroborated. In addition, further theoretical
research is required on the different sources of non-force-freeness and the nature
of the magnetic forces that they would induce on MFRs (inward or outward,
around the core or close to the edge), as well as on the effects they would have
on the onset of the kink instability.
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4.3. Reversed chirality scenario and the kink instability
Another phenomenon that has been observed to occur for certain values of the
CC and Lundquist parameters is the change of the sign of By at some distance
from the MFR axis. In general, assuming that the MFR magnetic field compo-
nents around the axis are positive (with left-handed (L) chirality), three scenarios
in which the sign of the magnetic field components change some distance away
from the core can occur. The three possibilities are described in Table 2.
Table 2. Description of the scenarios in which the sign of the magnetic field components
changes at some distance from the MFR axis. The internal (int.) axial and poloidal magnetic
fields are assumed to be always positive, so that the inner part of the MFR is left-handed (L).
The different possibilities of change in the signs of the external (ext.) By and Bϕ, and their
corresponding chirality, are listed. Two sketches of each scenario are included to clarify the
directions of the magnetic field components and the helices that they generate.
Option
B properties
Sketch
Part By Bϕ Chirality
(a)
Int. + + L
Ext. + - R
(b)
Int. + + L
Ext. - + R
(c)
Int. + + L
Ext. - - L
While the GH model does not admit any change in the sign of By or Bϕ,
option (b) in Table 2 is modeled by Lundquist with α > 2.4, and by the CC
model with τ < 1, for any [n,m], as was noted in section 2.1. This scenario
predicts a change of the chirality of the MFR at some distance from the axis,
where the twist becomes infinite. In fact, Lundquist also models an additional
change in the MFR chirality if α > 3.83, since Bϕ becomes negative.
The results of the stability analysis have shown that a CC MFR is always
kink unstable for τ ≤ 1 (see Figure 4), or in other words, option (b) is always
kink unstable for the CC [n,m] pairs that have been studied. This is not the case
for the Lundquist model, which becomes unstable only when α ≥ 3.2, so option
(b) can happen while still being kink stable. However, the Lundquist double
chirality reversal scenario (α > 3.83) is kink unstable.
The fact that the Lundquist model remains kink stable in the reversed chiral-
ity scenario raises the question of how magnetic flux can be added in opposite
directions during the first stages of the CME evolution. Some events have already
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been observed that support this hypothesis (Cho et al., 2013; Vemareddy and
Dmoulin, 2017). Actually, a similar magnetic configuration, the reversed field
pinch (RFP), which is an axisymmetric toroidal structure with a change of the
By sign (option (b) in Table 2), has been subject of extensive research for the
confinement of laboratory plasmas, due to its being a minimum-energy state of
the system and stable against localized MHD instabilities (Schwarzschild, 1981).
Some theoretical studies have been done on the physical consequences of the
options of Table 2. For example, Einaudi (1990) found important differences
between magnetic fields with and without an inversion in the By sign, since the
inversion implied a much higher critical twist for stability, as well as a different
nature of the instabilities that would involve more drastic consequences for the
non-linear evolution.
Nevertheless, further research on the stability and initiation of these MFR
scenarios is needed to understand the physical processes that would be occurring
and how they could have been generated. Although the models that have been
studied in the present work correspond only to option (b), the consideration of
an additional term of the axial current density of the CC model (Eq. (1)) would
allow an inversion of the Bϕ sign, and thus options (a) and (c) could be explored
in the future with the numerical method that has been developed here.
4.4. Expansion and the kink instability
Regarding the evolution of interplanetary MFRs, some conclusions can also be
inferred from the results of the stability analysis of the CC model. In section
2.1.3, Eq. (8) showed the relation between the parameters B0y , τ, C˜nm of an MFR
with radius R and axial length L, and the value of the parameters B0y
′
, τ ′, C˜ ′nm
when it evolves into an MFR with radius R′ > R and axial length L′. Three
possible scenarios can be identified by taking into account the results in Figure
4 and the fact that, upon expansion, a CC MFR has constant τ , so that any
change in the kink stability will be given exclusively by the variation of C˜nm
during its interplanetary journey (C˜ ′nm =
L′
L
R
R′ C˜nm):
i) L′/L < R′/R: the rate of expansion of the axis length is smaller than the
radial growth rate. In this scenario, C˜ ′nm < C˜nm, so an initially stable MFR
can become unstable at some point of its propagation.
ii) L′/L = R′/R: this scenario corresponds to that of self-similar expansion.
C˜ ′nm = C˜nm, so no change in the kink stability is produced.
iii) L′/L > R′/R: the rate of expansion of the axis length is bigger than the
radial growth rate. In this case, C˜ ′nm > C˜nm, so even an initially unstable
MFR could become kink stable in the course of its evolution.
These results suggest that different types of interaction may change the stability
of a CME and cause its rotation or its stabilization. Examples of each of the three
scenarios are sketched in Figure 5. In case (i), an interaction taking place along
the sides of a CME could slow down the axial length growth, while an interacting
agent pushing the MFR front from behind could increase the radial growth rate.
This would have a destabilizing effect on it and could cause its rotation, since
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C˜ ′nm < C˜nm. In case (ii), without any interactions, the MFR would expand self-
similarly and its kink stability would not be affected because C˜ ′nm = C˜nm. In
case (iii), an interaction acting on the front of the CME could slow down the
radial growth. This would have a stabilizing effect, since C˜ ′nm > C˜nm.
Figure 5. Top: schematic representation of an MFR, with the radius R and the axial length
L indicated. Bottom: examples of different types of interaction that could be causing each of
the three aforementioned expansion scenarios. The black MFR is the original one, while the
dotted blue MFR represents the structure after expansion with radius R′ and axial length
L′. The orange rectangles are abstractions of possible interacting agents in the heliosphere,
moving towards the MFR in the directions indicated by the arrows.
The next step should be to test these hypotheses with the observational data.
This could be done by inferring the ratios L′/L and R′/R from the parameters
that have been used for the characterization of expanding CMEs until now,
e.g. AWD and AWL (Cabello et al., 2016; Cremades, Iglesias, and Merenda,
2020), or Vlat and Vfront (Balmaceda et al., 2020). Then, single events with
L′/L > R′/R (scenario (iii)) could be studied to see if they are likely to display
rotation signatures during their evolution, for example.
Future research should include the exploration of the relation between the
expansion and the kink stability of MFRs described by other models. Further
studies on the different types of interaction that could take place and their effect
on the onset of CME rotations, as well as more comparisons with observational
studies, are still needed to improve the current understanding of the evolution
of CMEs and their kink stability.
4.5. Further remarks
Figure 4 clearly shows that bigger values of k for the CC cases of the form [k+1, k]
imply a larger range of stable parameters. On the other hand, in section 2.1.1 was
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observed that larger k implied a smaller growth rate of the twist around the core,
showing a smaller average twist and adopting more of a stage-like distribution
(the term is used to describe distributions that show different behavior of the
twist around the core and in the outer shell, that is, almost uniform around the
axis and abruptly increasing close to the edge). This suggests that an MFR with
a stage-like twist distribution are more stable than others with the same By and
Bϕ at the boundary. In the case of the eruption of a CME that requires the trig-
gering of the kink instability, this could suggest that an MFR with continuously
distributed twist is a more likely initiation scenario than the corresponding more
stable stage-like distribution (associated to preexisting MFR models, e.g. Kopp
and Pneuman, 1976; Titov and Dmoulin, 1999; Longcope and Beveridge, 2007).
However, more exploration on the twist distribution that different initiation
hypotheses of MFRs (e.g. the breakout model) predict, and the realization of
the kink stability analysis for MFR models with the corresponding twist profiles
for each case, are still needed.
Finally, the study of the kink instability of MFRs can also help to review
the choice of the parameters that is usually made for some models, as well as
to find physically meaningful constraints for models that include multiple free
parameters, in order to avoid the occurrence of the instability, as explained in
section 4.1. For example, this analysis has shown that α in the Lundquist model
can be varied around 2.4 before becoming unstable for α > 3.2 (as discussed
in Dmoulin et al., 2019). Additionally, it has been found that the typical value
τ = 1 that is often used to fit events with the CC model results in kink instability,
for the pairs [n,m] considered.
Table 3. Summary of the kink stability thresholds obtained.
Model Stability range
CC [1, 0] C˜10 > C˜10,crit(τ) = (Eq. (12) with γ = 1, β = 0.8400, η = 5.7, ρ = 5.6382)
CC [2, 1] C˜21 > C˜21,crit(τ) = (Eq. (12) with γ = 1, β = 0.8400, η = 5.7, ρ = 4.7935)
CC [3, 2] C˜32 > C˜32,crit(τ) = (Eq. (12) with γ = 1, β = 0.8400, η = 5.7, ρ = 4.3101)
CC [1, 1] C˜11 > C˜11,crit(τ) = (Eq. (12) with γ = 1, β = 0.8032, η = 5.8, ρ = 6.1000)
Lund. α < αcrit = 3.2
GH q < qcrit = 1.2
5. Summary and conclusions
This paper develops a linear analysis of the kink instability in MFRs modeled by
the CC, Lundquist and GH models, following the procedure in Linton, Longcope,
and Fisher (1996). A numerical method has been developed that is able to find
the linear stability range of parameters for any given magnetic configuration.
The properties of interest of each of the models studied are described, and then
the results of the numerical procedure are presented in Figure 4 and Table 3.
Some of the main conclusions that have been drawn from this analysis are:
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• The kink instability could be the cause of the rotations of CMEs that are
produced due to their internal magnetic configuration. The results of the
analysis performed provide an indicator of the range of parameters for which
differently modeled MFRs become kink unstable, being thus susceptible to
start rotating.
• The study of the kink stability of MFRs subject to different magnetic forces
suggests that they have a relevant relation to the onset of the instability. In
particular, the presence of magnetic forces in opposite directions within the
MFR appears to have a strong destabilizing effect, while outward magnetic
forces near the boundary seem to be connected to more stable structures.
• Lundquist MFRs become unstable when the parameter exceeds a certain
threshold, showing that constant-α FF fields are also subject to instabilities.
• The reversed chirality scenario has turned out to be stable for Lundquist
MFRs, and kink unstable for the CC [n,m] pairs studied.
• The evolution of the kink instability of expanding CMEs modeled by the
CC model depends on the relation between L′/L and R′/R: L′/L < R′/R
implies that an initially stable MFR can become unstable at some point
of its propagation; L′/L = R′/R indicates self-similar expansion and no
change in the kink stability; and L′/L > R′/R makes the structure become
more kink stable.
Avenues for further research concerning the kink stability in relation to MFR
rotations, magnetic forces, the reversed chirality scenario and the expansion,
among others, are suggested in section 4.
This paper provides theoretical background to address questions about the
impact of the internal twist distribution of MFRs on the kink stability and its re-
lation with the internal magnetic forces distribution in a dynamically expanding
structure. In this regard, whether or not all solar-heliospheric flux ropes are alike
is still an open question that can be related not only to their formation but also
to evolutionary processes. New missions like Parker Solar Probe or Solar Orbiter
will provide observations of unexplored areas where the pristine MFRs are less
affected by various phenomena that can occur throughout their evolution. Thus,
for instance, the reversed chirality scenarios and different boundary conditions
for the kink stability analysis, could be studied with the remote-sensing obser-
vations in conjunction with the in situ measurements from these missions in the
lower-middle corona.
Acknowledgments The work of T. Nieves-Chinchilla is supported by Solar Orbiter mission.
The work of M.G. Linton is supported by the Chief of Naval Research and by the NASA Living
With a Star program. M. Florido-Llinas thanks CFIS (UPC) and her family for the funding
support, and is very grateful to the Heliospheric Physics Laboratory (HSD) at NASA Goddard
Space Flight Center for providing the hosting and guidance to carry out this research as part
of her bachelor thesis.
References
Amari, T., Luciani, J.F., Aly, J.J., Mikic, Z., Linker, J.: 2003, Coronal Mass Ejection: Initiation,
Magnetic Helicity, and Flux Ropes. I. Boundary Motion-driven Evolution. ApJ 585(2),
1073. DOI. ADS.
SOLA: Manuscript.tex; 14 July 2020; 1:29; p. 22
Antiochos, S.K., DeVore, C.R., Klimchuk, J.A.: 1999, A Model for Solar Coronal Mass
Ejections. The Astrophysical Journal 510(1), 485. DOI. ADS.
Archontis, V., Trk, T.: 2008, Eruption of magnetic flux ropes during flux emergence. A&A
492(2), L35. DOI. ADS.
Aulanier, G., Janvier, M., Schmieder, B.: 2012, The standard flare model in three dimensions
- I. Strong-to-weak shear transition in post-flare loops. Astronomy & Astrophysics 543,
A110. DOI. ADS.
Balmaceda, L.A., Vourlidas, A., Stenborg, G., St. Cyr, O.C.: 2020, On the expansion speed of
Coronal Mass Ejections. Implications for self-similar evolution. Solar Physics. (in prep.).
Bateman, G.: 1978, MHD instabilities, MIT Press, Cambridge, Mass. ISBN 9780262021319.
Bennett, K., Roberts, B., Narain, U.: 1999, Waves in Twisted Magnetic Flux Tubes. Solar
Physics 185(1), 41. DOI. ADS.
Berdichevsky, D.B.: 2013, On Fields and Mass Constraints for the Uniform Propagation of
Magnetic-Flux Ropes Undergoing Isotropic Expansion. Solar Physics 284(1), 245. DOI.
ADS.
Berdichevsky, D.B., Lepping, R.P., Farrugia, C.J.: 2003, Geometric considerations of the evo-
lution of magnetic flux ropes. Physical Review. E, Statistical, Nonlinear, and Soft Matter
Physics 67(3 Pt 2), 036405. DOI. ADS.
Bernstein, I.B., Frieman, E.A., Kruskal, M.D., Kulsrud, R.M., Chandrasekhar, S.: 1958, An
energy principle for hydromagnetic stability problems. Proceedings of the Royal Society of
London. Series A. Mathematical and Physical Sciences 244(1236), 17. DOI. ADS.
Brent, R.P.: 2013, Algorithms for Minimization Without Derivatives, Courier Corporation,
Englewood Cliffs, NJ.
Burlaga, L.F.: 1988, Magnetic clouds and force-free fields with constant alpha. Journal of
Geophysical Research: Space Physics 93(A7), 7217. DOI. ADS.
Burlaga, L., Sittler, E., Mariani, F., Schwenn, R.: 1981, Magnetic loop behind an interplanetary
shock: Voyager, Helios, and IMP 8 observations. Journal of Geophysical Research: Space
Physics 86(A8), 6673. DOI. ADS.
Cabello, I., Cremades, H., Balmaceda, L., Dohmen, I.: 2016, First Simultaneous Views of the
Axial and Lateral Perspectives of a Coronal Mass Ejection. SoPh 291(6), 1799. DOI. ADS.
Chiappinelli, R.: 2019, Nonlinear Rayleigh Quotients and Nonlinear Spectral Theory. Symme-
try 11(7), 928. DOI.
Cho, K.-S., Park, S.-H., Marubashi, K., Gopalswamy, N., Akiyama, S., Yashiro, S., Kim, R.-S.,
Lim, E.-K.: 2013, Comparison of Helicity Signs in Interplanetary CMEs and Their Solar
Source Regions. Solar Physics 284(1), 105. DOI. ADS.
Cremades, H., Iglesias, F.A., Merenda, L.A.: 2020, Asymmetric expansion of coronal mass
ejections in the low corona. arXiv. ADS.
Dasso, S., Mandrini, C.H., Dmoulin, P., Luoni, M.L.: 2006, A new model-independent method
to compute magnetic helicity in magnetic clouds. A&A 455(1), 349. DOI. ADS.
Dungey, J., Loughhead, R.: 1954, Twisted Magnetic Fields in Conducting Fluids. Australian
Journal of Physics 7(1), 5. DOI. ADS.
Dmoulin, P., Dasso, S., Janvier, M., Lanabere, V.: 2019, Re-analysis of Lepping’s Fitting
Method for Magnetic Clouds: Lundquist Fit Reloaded. Solar Physics 294(12), 172. DOI.
ADS.
Einaudi, G.: 1990, Ideal instabilities in a magnetic flux tube. GMS, 43. DOI. ADS.
Fan, Y., Gibson, S.E.: 2004, Numerical Simulations of Threedimensional Coronal Magnetic
Fields Resulting from the Emergence of Twisted Magnetic Flux Tubes. The Astrophysical
Journal 609(2), 1123. DOI. ADS.
Farrugia, C.J., Janoo, L.A., Torbert, R.B., Quinn, J.M., Ogilvie, K.W., Lepping, R.P., Fitzen-
reiter, R.J., Steinberg, J.T., Lazarus, A.J., Lin, R.P., Larson, D., Dasso, S., Gratton, F.T.,
Lin, Y., Berdichevsky, D.: 1999, A uniform-twist magnetic flux rope in the solar wind. AIP
Conference Proceedings 471(1), 745. DOI. ADS.
Gold, T., Hoyle, F.: 1960, On the Origin of Solar Flares. Monthly Notices of the Royal
Astronomical Society 120(2), 89. DOI. ADS.
Goldstein, H.: 1983, On the field configuration in magnetic clouds. NASCP 228, 731. ADS.
Gosling, J.T.: 1990, Coronal mass ejections and magnetic flux ropes in interplanetary space.
GMS 58, 343. DOI. ADS.
Hau, L.N., Sonnerup, B.U.O.: 1999, Two-dimensional coherent structures in the magnetopause:
Recovery of static equilibria from single-spacecraft data. Journal of Geophysical Research:
Space Physics 104(A4), 6899. DOI. ADS.
SOLA: Manuscript.tex; 14 July 2020; 1:29; p. 23
Hidalgo, M.A., Nieves-Chinchilla, T., Cid, C.: 2002, Elliptical cross-section model for the
magnetic topology of magnetic clouds. GeoRL 29(13), 1637. DOI. ADS.
Hidalgo, M.A., Cid, C., Vinas, A.F., Sequeiros, J.: 2002, A non-force-free approach to the
topology of magnetic clouds in the solar wind. JGRA 107(A1), 1002. DOI. ADS.
Hood, A.W., Priest, E.R.: 1979, Kink instability of solar coronal loops as the cause of solar
flares. Solar Physics 64(2), 303. DOI. ADS.
Hood, A.W., Priest, E.R.: 1981, Critical conditions for magnetic instabilities in force-free
coronal loops. Geophysical & Astrophysical Fluid Dynamics 17(1), 297. DOI. http://www.
tandfonline.com/doi/abs/10.1080/03091928108243687.
Hu, Q.: 2017, The Grad-Shafranov reconstruction in twenty years: 1996-2016. Science China
Earth Sciences 60, 1466. DOI. ADS.
Hu, Q., Qiu, J., Krucker, S.: 2015, Magnetic field line lengths inside interplanetary magnetic
flux ropes. Journal of Geophysical Research: Space Physics 120(7), 5266. DOI. ADS.
Hu, Q., Qiu, J., Dasgupta, B., Khare, A., Webb, G.M.: 2014, Structures of Interplanetary
Magnetic Flux Ropes and Comparison with Their Solar Sources. ApJ 793(1), 53. DOI.
ADS.
Kahler, S.W., Krucker, S., Szabo, A.: 2011, Solar energetic electron probes of magnetic cloud
field line lengths. Journal of Geophysical Research: Space Physics 116(A1). DOI. ADS.
Kay, C., Opher, M., Evans, R.M.: 2015, Global Trends of CME Deflections Based on CME
and Solar Parameters. ApJ 805(2), 168. DOI. ADS.
Kazachenko, M.D., Canfield, R.C., Longcope, D.W., Qiu, J.: 2010, Sunspot Rotation, Flare
Energetics, and Flux Rope Helicity: The Halloween Flare on 2003 October 28. ApJ 722(2),
1539. DOI. ADS.
Knizhnik, K.J., Linton, M.G., DeVore, C.R.: 2018, The Role of Twist in Kinked Flux Rope
Emergence and Delta-spot Formation. The Astrophysical Journal 864(1), 89. DOI. ADS.
Kopp, R.A., Pneuman, G.W.: 1976, Magnetic reconnection in the corona and the loop
prominence phenomenon. SoPh 50(1), 85. DOI. ADS.
Kruskal, M.D., Johnson, J.L., Gottlieb, M.B., Goldman, L.M.: 1958, Hydromagnetic Instability
in a Stellarator. Physics of Fluids 1, 421. DOI. ADS.
Kutchko, F.J., Briggs, P.R., Armstrong, T.P.: 1982, The bidirectional particle event of October
12, 1977, possibly associated with a magnetic loop. Journal of Geophysical Research: Space
Physics 87(A3), 1419. DOI. ADS.
Lanabere, V., Dasso, S., Dmoulin, P., Janvier, M., Rodriguez, L., Masas-Meza, J.J.: 2020,
Magnetic twist profile inside magnetic clouds derived with a superposed epoch analysis.
Astronomy and Astrophysics 635, A85. DOI. ADS.
Larson, D.E., Lin, R.P., McTiernan, J.M., McFadden, J.P., Ergun, R.E., McCarthy, M., Rme,
H., Sanderson, T.R., Kaiser, M., Lepping, R.P., Mazur, J.: 1997, Tracing the topology of
the October 1820, 1995, magnetic cloud with ∼ 0.1102 keV electrons. Geophysical Research
Letters 24(15), 1911. DOI. ADS.
Lepping, R.P., Wu, C.-C.: 2010, Selection effects in identifying magnetic clouds and the
importance of the closest approach parameter. AnGeo 28(8), 1539. DOI. ADS.
Lepping, R.P., Jones, J.A., Burlaga, L.F.: 1990, Magnetic field structure of interplanetary
magnetic clouds at 1 AU. Journal of Geophysical Research 95(A8), 11957. DOI. ADS.
Lepping, R.P., Berdichevsky, D.B., Wu, C.-C., Szabo, A., Narock, T., Mariani, F., Lazarus,
A.J., Quivers, A.J.: 2006, A summary of WIND magnetic clouds for years 1995-2003: model-
fitted parameters, associated errors and classifications. Annales Geophysicae 24(1), 215.
DOI. ADS.
Lepping, R.P., Wu, C.-C., Berdichevsky, D.B., Szabo, A.: 2018, Wind Magnetic Clouds for the
Period 2013 - 2015: Model Fitting, Types, Associated Shock Waves, and Comparisons to
Other Periods. SoPh 293(4), 65. DOI. ADS.
Lifschitz, A.E.: 1989, Magnetohydrodynamics and spectral theory, Developments in electro-
magnetic theory and applications 4, Kluwer Academic Publishers, Dordrecht; Boston. ISBN
9789024737130.
Linton, M.G., Longcope, D.W., Fisher, G.H.: 1996, The Helical Kink Instability of Isolated,
Twisted Magnetic Flux Tubes. The Astrophysical Journal 469, 954. DOI. ADS.
Linton, M.G., Dahlburg, R.B., Fisher, G.H., Longcope, D.W.: 1998, Nonlinear Evolution of
Kinkunstable Magnetic Flux Tubes and Solar δSpot Active Regions. The Astrophysical
Journal 507(1), 404. DOI. ADS.
Linton, M.G., Fisher, G.H., Dahlburg, R.B., Fan, Y.: 1999, Relationship of the Multimode
Kink Instability to δSpot Formation. The Astrophysical Journal 522(2), 1190. DOI. ADS.
SOLA: Manuscript.tex; 14 July 2020; 1:29; p. 24
Longcope, D.W., Beveridge, C.: 2007, A Quantitative, Topological Model of Reconnection and
Flux Rope Formation in a Two-Ribbon Flare. The Astrophysical Journal 669(1), 621. DOI.
ADS.
Longcope, D.W., Fisher, G.H., Arendt, S.: 1996, The Evolution and Fragmentation of Rising
Magnetic Flux Tubes. The Astrophysical Journal 464, 999. DOI. ADS.
Lundquist, S.: 1951, On the Stability of Magneto-Hydrostatic Fields. PhRv 83(2), 307. DOI.
ADS.
Lynch, B.J., Antiochos, S.K., MacNeice, P.J., Zurbuchen, T.H., Fisk, L.A.: 2004, Observable
Properties of the Breakout Model for Coronal Mass Ejections. ApJ 617(1), 589. DOI. ADS.
Mikic, Z., Schnack, D.D., van Hoven, G.: 1990, Dynamical Evolution of Twisted Magnetic Flux
Tubes. I. Equilibrium and Linear Stability. ApJ 361, 690. DOI. ADS.
Moore, R.L., Labonte, B.J.: 1980, The filament eruption in the 3b flare of July 29, 1973 -
Onset and magnetic field configuration. IAUS 91, 207. ADS.
Moore, R.L., Sterling, A.C., Hudson, H.S., Lemen, J.R.: 2001, Onset of the Magnetic Explosion
in Solar Flares and Coronal Mass Ejections. ApJ 552(2), 833. DOI. ADS.
Mulligan, T., Russell, C.T.: 2001, Multispacecraft modeling of the flux rope structure of inter-
planetary coronal mass ejections: Cylindrically symmetric versus nonsymmetric topologies.
JGR 106(A6), 10581. DOI. ADS.
Myers, C.E., Yamada, M., Ji, H., Yoo, J., Fox, W., Jara-Almonte, J., Savcheva, A., Deluca,
E.E.: 2015, A dynamic magnetic tension force as the cause of failed solar eruptions. Nature
528, 526. DOI. ADS.
Nieves-Chinchilla, T.: 2018, Modeling Heliospheric Flux Ropes: A Comparative Study of
Physical Quantities. IEEE Transactions on Plasma Science 46(7), 2370. DOI. ADS.
Nieves-Chinchilla, T., Linton, M.G., Hidalgo, M.A., Vourlidas, A., Savani, N.P., Szabo, A.,
Farrugia, C., Yu, W.: 2016, A Circular-cylindrical Flux-rope Analytical Model for Magnetic
Clouds. ApJ 823(1), 27. DOI. ADS.
Nieves-Chinchilla, T., Linton, M.G., Hidalgo, M.A., Vourlidas, A.: 2018a, Elliptic-cylindrical
Analytical Flux Rope Model for Magnetic Clouds. The Astrophysical Journal 861(2), 139.
DOI. ADS.
Nieves-Chinchilla, T., Guedes dos Santos, L.F., Vourlidas, A., Al-Haddad, N.A., Savani, N.,
Szabo, A.: 2018b, Reconstruction of the near-Earth interplanetary coronal mass ejections
during 1995-2015: Catalog of geometrical and physical properties. AGUFM 2018. ADS.
NievesChinchilla, T., Colaninno, R., Vourlidas, A., Szabo, A., Lepping, R.P., Boardsen, S.A.,
Anderson, B.J., Korth, H.: 2012, Remote and in situ observations of an unusual Earth-
directed coronal mass ejection from multiple viewpoints. Journal of Geophysical Research:
Space Physics 117(A6). DOI. ADS.
Oliphant, T.: SciPy ’odeint’ function. https://github.com/scipy/scipy/blob/v1.4.1/scipy/
integrate/odepack.py#L29-L260.
Oz, E., Myers, C.E., Yamada, M., Ji, H., Kulsrud, R.M., Xie, J.: 2011, Experimental verification
of the Kruskal-Shafranov stability limit in line-tied partial-toroidal plasmas. Physics of
Plasmas 18, 102107. DOI. ADS.
Priest, E.R.: 1990, The equilibrium of magnetic flux ropes (tutorial lecture). GMS 58, 1. DOI.
ADS.
Richardson, I.G., Cane, H.V.: 2004, The fraction of interplanetary coronal mass ejections that
are magnetic clouds: Evidence for a solar cycle variation. Geophysical Research Letters
31(18). DOI. ADS.
Rinne, H.: 2009, The Weibull distribution: a handbook, CRC Press, Boca Raton, FL.
Romashets, E.P., Vandas, M.: 2003, Force-free field inside a toroidal magnetic cloud.
Geophysical Research Letters 30(20). DOI. ADS.
Schuessler, M.: 1979, Magnetic buoyancy revisited: analytical and numerical results for rising
flux tubes. A&A 71(1-2), 79. ADS.
Schwarzschild, B.M.: 1981, Reversed-field pinch stable 8 msec. PhT 34(9), 20. DOI. ADS.
Shafranov, V.D.: 1958, On Magnetohydrodynamical Equilibrium Configurations. Soviet Jour-
nal of Experimental and Theoretical Physics 6, 545. ADS.
Sterling, A.C., Moore, R.L.: 2004, Evidence for Gradual External Reconnection before
Explosive Eruption of a Solar Filament. ApJ 602(2), 1024. DOI. ADS.
Subramanian, P., Arunbabu, K.P., Vourlidas, A., Mauriya, A.: 2014, Self-similar Expansion
of Solar Coronal Mass Ejections: Implications for Lorentz Self-force Driving. ApJ 790(2),
125. DOI. ADS.
Titov, V.S., Dmoulin, P.: 1999, Basic topology of twisted magnetic configurations in solar
flares. A&A 351, 707. ADS.
SOLA: Manuscript.tex; 14 July 2020; 1:29; p. 25
Trk, T., Kliem, B.: 2005, Confined and Ejective Eruptions of Kink-unstable Flux Ropes. ApJL
630(1), L97. DOI. ADS.
Trk, T., Kliem, B.: 2007, Numerical simulations of fast and slow coronal mass ejections.
Astronomische Nachrichten 328(8), 743. DOI. ADS.
van Ballegooijen, A.A., Martens, P.C.H.: 1989, Formation and Eruption of Solar Prominences.
ApJ 343, 971. DOI. ADS.
Vemareddy, P., Dmoulin, P.: 2017, Successive Injection of Opposite Magnetic Helicity in Solar
Active Region NOAA 11928. Astronomy & Astrophysics 597. DOI. ADS.
Vemareddy, P., Cheng, X., Ravindra, B.: 2016, Sunspot Rotation as a Driver of Major Solar
Eruptions in the NOAA Active Region 12158. ApJ 829(1), 24. DOI. ADS.
Voslamber, D., Callebaut, D.K.: 1962, Stability of Force-Free Magnetic Fields. Physical Review
128, 2016. DOI. ADS.
Vourlidas, A., Colaninno, R., Nieves-Chinchilla, T., Stenborg, G.: 2011, The First Observation
of a Rapidly Rotating Coronal Mass Ejection in the Middle Corona. ApJL 733(2), L23.
DOI. ADS.
Wang, Y., Zhuang, B., Hu, Q., Liu, R., Shen, C., Chi, Y.: 2016, On the twists of interplanetary
magnetic flux ropes observed at 1 AU. Journal of Geophysical Research: Space Physics
121(10), 9316. DOI. ADS.
Wang, Y., Shen, C., Liu, R., Liu, J., Guo, J., Li, X., Xu, M., Hu, Q., Zhang, T.: 2018,
Understanding the Twist Distribution Inside Magnetic Flux Ropes by Anatomizing an
Interplanetary Magnetic Cloud: TWIST DISTRIBUTION IN AN INTERPLANETARY
MC. Journal of Geophysical Research: Space Physics 123(5), 3238. DOI. ADS.
Woltjer, L.: 1958, A Theorem on Force-Free Magnetic Fields. Proceedings of the National
Academy of Science 44, 489. DOI. ADS.
Yurchyshyn, V., Abramenko, V., Tripathi, D.: 2009, Rotation of White-light Coronal Mass
Ejection Structures as Inferred from LASCO Coronagraph. ApJ 705(1), 426. DOI. ADS.
SOLA: Manuscript.tex; 14 July 2020; 1:29; p. 26
